Among existing approaches to holonomic quantum computing, the adiabatic holonomic quantum gates (HQGs) suffer the decoherence error, while the non-adiabatic HQGs require additional Hilbert space. Here, we report a new dynamical-invariant-based approach to realize HQG. Our approach is free of the dechoherence error and the need of additional Hilbert space. In addition to presenting the theoretical framework of our approach, we design and experimentally evaluate single-qubit and two-qubits HQGs for the nuclear magnetic resonance system. The single-qubit gates fidelity is in average 0.9972 by randomized benchmarking, and the controlled-NOT gate fidelity is 0.9782 by quantum process tomography. Our approach is scalable and platformindependent, and thus may open a way to large-scale holonomic quantum computation in the near future. arXiv:2003.09848v1 [quant-ph] 
Introduction. -In holonomic quantum computing (HQC), one controls the quantum evolution of a qubit system such that the non-Abelian geometric phases accumulated in the evolution passages realize a universal set of HQGs over the computational space [1] , which are believed to be more robust against certain types of errors than usual dynamical gates [2] [3] [4] [5] . In the original proposal of HQC, HQGs are adiabatic, which have been experimentally implemented in nuclear magnetic resonance (NMR) [6] and superconducting circuits [7] . Unfortunately, adiabatic HQGs operation are too slow to ignore the decoherence therein. To speed up HQGs, nonadiabatic HQGs were proposed [8] [9] [10] [11] and then later demonstrated in NMR [12] by adding an ancillary qubit in addition to the computational qubits. In the original realizations of HQGs, control passages confined over the n-qubit computational subspace form a discrete set, leading to the difficulty in locating the easy-to-implement HQG passages. By contrast, with one ancillary qubit, over the (n + 1)-qubit Hilbert space there exists infinite control passages that form a continuous hypersurface, which turns out to be much easier to find a control passage to realize the HQGs in the n-qubit subspace; however, the cost is that the n-qubit gates are to some extent lengthened due to the (n + 1)-qubit interactions and are thus not fast enough to ignore the decoherence. Such cost may not arise in superconducting circuits [13] [14] [15] [16] [17] or defect in diamonds [5] because these systems have ancillary states builtin; it may also be circumvented in other geometric quantum gates [18] [19] [20] [21] . Unfortunately, implementing fast HQGs without using any ancillary states in systems absent from built-in ancillary states, such as NMR, still requires a breakthrough. Therefore, non-adiabatic HQGs without ancillary qubits may be a solution to achieve faster gates with higher fidelity, although they are difficult to design as alluded to above.
In this work, we develop a general approach to single-qubit * xint@sustech.edu.cn † ydwan@fudan.edu.cn ‡ ludw@sustech.edu.cn and two-qubit non-adiabatic HQGs without ancillary qubits by means of the dynamical-invariant-based quantum control. In particular, we design the HQGs for NMR systems and experimentally test them in our NMR system. The notion of dynamical invariants (DIs) was proposed by Lewis and Reisenfeld in 1969 to solve the time-dependent Schrödinger equation analytically, such that any solution to the Schrödinger equation is a superposition of the instantaneous eigenstates of the DI of the Hamiltonian [22] . If a quantum system is driven to evolve in certain instantaneous eigenstates of its dynamical invariant, the control is non-adiabatic. About a decade ago, Chen et al proposed a non-adiabatic quantum control method, called inverse engineering, for two-level systems based on DIs [23, 24] , but the method was difficult to scale up beyond twolevel systems [25] . Later, Gungordu et al classified the DIs of generic N -level systems based on the Lie-algebraic method [26] , and proposed DI-based HQGs [27] . Nonetheless, the DI equation for a generic 2-qubit Hamiltonian is difficult to solve analytically; Ref. [27] only presented a way to realize the maximally entangling HQG but without offering a systematic method of designing other 2-qubit HQGs.
We show that under reasonable assumptions, the differential equations of the DIs of a system can be converted into linear equations, enabling us to write down the closed-form DIbased unitary evolution operator of that system. In particular, taking the NMR system as an example, we demonstrate that our method is scalable and effective for NMR-type Hamiltonians, which are composed of single-qubit radio-frequency (RF) pulse terms, single-qubit Zeeman terms, and Ising-type coupling terms. Based on the closed-form evolution operator, we design and experimentally implement the non-adiabatic holonomic single-qubit gates (including the NOT, Hadamard, phase, and π 8 gates) and the two-qubit CNOT gate without any ancillary qubits in an NMR quantum processor. Our singlequbit gates are implemented with fewer pulses than before ( [27] ) and result in fidelity with all gates over 99%. On top of that, the CNOT gate achieves fidelity 97.8%. Our method of designing non-adiabatic HQGs is systematic and platformindependent, i.e., applicable to other quantum systems, such as the defects in diamond and superconducting circuits. We shall report the results on these systems elsewhere.
DI-based HQC. -We first introduce the DIs and how they lead to non-adiabatic HQGs. For a time-dependent Hamiltonian H(t), a corresponding dynamical invariant I(t) is a time-dependent Hermitian operator with constant expectation value and thus satisfies the following DI equation [22] 
As shown in ref. ([22] ), an analytic solution |ψ(t) to the time-dependent Schrödinger equation can be expanded by the instantaneous eigenstates of the DI I(t),
where c n 's are time-independent complex constants, and
In terms of the instantaneous eigenstates of the DI, the unitary evolution operator due to the Hamiltonian H(t) can be written as
Since an eigenstate of I(0) evolves in the form
which is transitionless in the eigenbasis {|ϕ n (t) } but transits among eigenstates of H, and hence is not limited by the adiabaticity condition. The unitary evolution operator is an exact solution to the Schrödinger equation according to Eq. (2). In a cyclic evolution, the phase factor in Eq. (3) can be separated into two parts. The geometric phase (or the holonomy)
is determined by the Berry connection in the Hilbert space and depends on the trajectory of the instantaneous eigenstates of the DI in the Hilbert space. The dynamical phase
on the other hand, is sensitive to the evolution 'velocity' of the instantaneous eigenstates of the DI in the Hilbert space. When the dynamical phase vanishes, viz γ d n = 0, the geometric phase γ g n fully determines the cyclic evolution operator, which is nontrivial and in fact an HQG.
DI-based HQGs in NMR. -Here we show how to employ the DI-based approach to design non-adiabatic HQGs in NMR. Let us start with single-qubit gates. The general singlequbit Hamiltonian in NMR is
where Ω and ω are the amplitude and frequency of the control field, respectively, and ∆ is the strength of the Zeeman energy. For single-qubit gates, taking the initial phase φ into account, implementing one-qubit Clifford operations requires at least three cyclic evolutions before this work. However, the more number of cycles are involved, the more errors are caused, since in experiment the magnetic field needs to 'jump' between two cycles. These sudden 'jumps' cause the dominating errors. Here, we derive a more general closed-form formula for one-qubit operations, and realize any single-qubit HQG within two cyclic evolutions.
The corresponding DI equation for the Hamiltonian is easy to solve, that is,
The instantaneous eigenstates of the I 1 are Bloch states with fixed precession frequency ω, fixed cone angle θ = arctan( Ω ∆−ω ), and initial phase φ. This initial phase φ is the key ingredient to reduce the number of cyclic evolutions.
An eigenstate acquires a geometric phase γ g = ±π(1 − cos θ 2 ) after a period T = 2π ω . To cancel the dynamical phase, the condition γ d n = 0
gives
This condition will directly remove the dynamical phase during the control process, so repeated loops in a traditional adiabatic process to cancel the dynamical phase is not required. Moreover, the precession frequency ω, as a control parameter in the precession angle θ, influences the trajectory of the instantaneous eigenstates of the DI, in contrast to the total ignorance of the precession frequency in the case of adiabatic HQGs.
Confined by the condition in Eq. (10), the unitary evolution of the system Hamiltonian becomes U g (θ, φ) = −e −iπ cos θ(sin θ cos φσx+sin θ cos φσy+cos θσz) .
To realize a specific single-qubit gate U 0 , we optimize the parameter set for each U g (θ i , φ i ) and maximize the fidelity func-
. It turns out that any singlequbit gate can be realized within two cyclic evolutions. The corresponding parameters for the NOT, Hadamard, phase, and π/8 gates are listed in the Supplementary Information B.
For two-qubit gates, the Hamiltonian contains the system Hamiltonian and the control field of the following form
where ∆ i is the strength of the Zeeman energy, and Ω i and ω i are the amplitude and frequency of the control field for each qubit, respectively. The generating set of this Hamiltonian is
which spans the entire SU(4) Lie algebra. In other words, the corresponding DIs in general have 15 terms, which give rise to 15 differential equations that are not diagonalizable. Nevertheless, for our purpose of building non-adiabatic HQGs, we only need one special solution to the DI equation. Since the Hamiltonian in Eq. (B2) has only 7 terms, the 15 terms in the DI are redundant and some of them can be assumed zero.
In fact, a simple solution to the DI equation has a similar form to the Hamiltonian in Eq. (B2), which consists of the Zeeman term, Ising term, and sine-function control field term with same frequency. This type of solution is proven to be scalable for such kind of Hamiltonians (see Supplementary Information C). Moreover, the terms in the DI have the same time-dependence as that of the Hamiltonian, so the solution to the DI equation is
We can then solve the eigen-problem of Eq. (13) and write down the closed-form formula for the evolution operator. The condition of cancelling the dynamical phase contains the analytic solution to a quartic function, so here we do not put the long analytic expression, which is not important to the main story.
The optimization process is similar to the single-qubit case. To minimize the 'jump' errors between different cyclic evolutions, we search the values of parameters until the smallest number of cyclic evolutions is found. For the CNOT gate, we write down the two-qubit evolution operator without imposing the condition of cancelling the dynamical phase, but maximize the fidelity function while setting φ n (s)|H(s)|φ n (s) = 0. The result shows that five cyclic evolutions are necessary for the CNOT gate, and the relevant parameters are listed in Table. I. We remark that changing basis of the Pauli matrices will provide more degrees of freedom to reduce the number of cyclic evolutions required for a certain gate. Also, setting any of the parameters Ω 1 , Ω 2 , φ 1 , φ 2 , ∆ 1 , and ∆ 2 to zero keeps the DI equation satisfied; hence, the 2-qubit unitary evolution operator covers all the cases that are discussed in ( [26] ). Our assumption of the DI is effective to the Hamiltonian that is comprised of single-qubit control field terms, single-qubit Zeeman terms, and Ising-like coupling terms. For example, regarding to the general n-qubit Hamiltonian in NMR
the corresponding DI is
A proof that the form of I n satisfies the DI equation is in the Supplementary Information C. Therefore, It is possible to design n-qubit HQGs by following the same route of designing one-and two-qubit gates, which demonstrates the scalability of our DI-based HQG method. Experiment. -In experiment, we demonstrate the DIbased HQGs using the 13 C-labeled chloroform sample, which servers as a 2-qubit NMR quantum processor. The nuclear spins 13 C and 1 H are the two qubits. In the double-rotating frame, the internal Hamiltonian can be written as
, where ν i and ν o i are the chemical shift and the reference (rotating frame) frequency of the ith spin, respectively, and J is the coupling strength between 13 C and 1 H. Compared to Eq. (B2), the required Zeeman energies ∆ 1 and ∆ 2 can be realized by varying the detuning frequency D = ν i − ν o i . The molecular structure and parameters can be found in Fig. 1 .
One can control each of the two spins individually with the RF pulse, and realize arbitrary single-qubit and two-qubit operations aided by the J-coupling. The control Hamiltonian of the RF pulse reads
, where B i , ω i , and φ i are the amplitudes, frequencies, and phases of the RF pulse. It is easy to see that the total Hamiltonian H int + H c with adjustable control parameters can realize the 1-and 2-qubit Hamiltonians in Eqs. (8) and (B2) straightforwardly. For the single-qubit DI-based HQG, we experimentally decouple the 13 C from 1 H and demonstrate four important single-qubit gates on the 13 C, i.e., the NOT gate X, Hadamard gate H, phase gate P , and π/8 gate T . They are implemented by applying two successive RF pulses P 1 and P 2 , where P i is characterized by a set of the parameters including the detuning frequency D i , the control pulse B i , ω i and φ i , and the pulse duration τ i . The parameters (see Supplementary Information B for their values) are determined according to the optimization process. We also demonstrate the 2-qubit CNOT gate, which is realized by concatenating five RF pulses, whose parameters are determined via Table. I.
Results. -To characterize the performance of the DI-based HQGs, we implement quantum process tomography (QPT) for both single-and two-qubit gates. In addition, we also perform randomized benchmarking (RB) for single-qubit nonadiabatic holonomic (NAH) gates. Experimental sequences for QPT and RB are shown in Fig. 2 .
For single-qubit DI-based HQGs, we firstly implement traditional QPT for the four gates. The pulse lengths are τ X = 240 µs, τ H = 296 µs, τ P = 268 µs, and τ T = 288 µs. These lengths can be reduced further by increasing the detuning frequency D. The fidelities of these four gates via QPT experiments are respectively 0.9960, 0.9953, 0.9916, and 0.9924. Note that these fidelities are usually smaller than the "pure" fidelity of the gate, as QPT cannot avoid errors in state preparation and measurement. Figure 3(a) shows the matrix forms of the four reconstructed quantum processes in the Pauli basis with comparison to the theoretical values. To test the robustness to decoherence of the DI-based HQGs, We also extend the lengths of the gates to up to 10 ms and perform QPT. The fidelity is at least 0.9908 for each gate even at the presence of long pulses.
RB is also performed to evaluate the performance of the single-qubit gates. In RB experiments, we initialize the system onto a fixed input state Z and measure the average fi-delity of the sequence after randomly repeating 40 different sequences. Figure 3(b) presents the decay of sequences with the number of Clifford gates m for reference and interleaved RB sequences. Results show that the fidelity of the reference gates is F ref = 0.9991 and the average fidelity of four target single-qubits gates is around 0.9972.
For two-qubit DI-based HQGs, we perform two-qubit QPT for characterizing the CNOT gate. This gate is realized by five successive RF pulses with the total length 5.584 ms, which is limited by the J-coupling strength 215 Hz. QPT experiment gives a 0.9782 fidelity of the CNOT gate. As shown in Fig.  3(c) , we also plot its matrix form in the Pauli basis to compare with the theoretical form. Conclusion. -Holonomic quantum computation is a significant candidate for the near-future fault-tolerant quantum computing. However, the adiabatic HQGs and the existing non-adiabatic HQGs require additional resources in terms of long evolution time and ancillary qubits. The DI-based HQG proposed in this work starts with the analytical solution to the time-dependent Schrödinger equation, and optimizes a least number of cyclic control pulses to realize HQGs with high fidelity. In this work, we mainly focus on the NMR platform as the dynamics of this system is very typical in quantum systems and the experimental techniques are mature. Our method is scalable and platform-independent, while relevant results on superconducting circuits will be reported soon.
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Appendix A: Calculation of the dynamical invariant
Starting from the definition of DI, we can go to the Heisenberg picture and see that ψ(0)|U † (t)I(t)U (t)|ψ(0) = const. = ψ(0)|I(0)|ψ(0) , (A1) which tells us that I is actually a constant in the Heisenberg picture. Therefore, we have
In other words, any eigenstate of a dynamical invariant remains in its instantaneous eigenstate of I under the evolution of the Hamiltonian H. Taking derivative of Eq. (A1) gives
and by substituting the Schrödinger equation i d dt U (t) = H(t)U (t) we get the DI equation
One property that I follows is
Furthermore, the eigenvalue of I is independent of time as long as the eigenstates of I are complete. By taking a derivative of the following equation,
where |φ n (t) is the n-th eigenstate of I, we see that ∂I ∂t |φ n (t) +I ∂ ∂t |φ n (t) = ∂n ∂t |φ n (t) +n ∂ ∂t |φ n (t) . (A7)
Multiplying both sides with φ n (t)|, we get
Expanding Eq. (A4)
and taking the inner product with φ n (t)|, we arrive at φ n (t)|i ∂I ∂t |φ n (t) +(n −n) φ n (t)|H|φ n (t) = 0, (A10) which indicates that φ n (t)| ∂I ∂t |φ n (t) = 0 = ∂n ∂t .
(A11) The two-qubit Hamiltonian is 
Following our assumption, the corresponding dynamical invariant can be written as
(Ω n cos(ω n t + φ n )σ x n + Ω n sin(ω n t + φ n )σ y n )
We can find that I = 2H − n ω n σ z n . Therefore,
Appendix D: Evaluation of gate fidelity
We perform quantum process tomography (QST) and Clifford-base randomized benchmarking (RB) for the nonadiabatic HQGs. In the following, we describe the process of implementing these two techniques in the NMR platform.
Quantum Process Tomography. -QPT is a conventional method to characterize the quality of a quantum channel. In NMR, we usually describe QPT in the Pauli basis. Assume that the quantum channel corresponding to the target gate is U. For single-qubit channel U, the map of U from the input state to the output state can be written as, 
U is generally not a unitary channel due to the experimental errors. In the Pauli basis, the elements of U are real, and QPT needs to determine the unknown coefficients in U by measurement, such that U can be fully reconstructed. Taking the two-qubit channel as an example, we prepare the initial state to a Pauli basis, such as IX, and then apply U on it. The output is U(IX) = a 2 1 II + a 2 2 IX + ... + a 2 16 ZZ. The coefficients a 2 k (k = 1, 2, .., 16) can be measured by performing 2-qubit quantum state tomography on the output state. The total numbers of experiments for reconstructing 1-qubit and 2-qubit channels, taking the normalization condition into account, are 4 × (4 − 1) = 12 and 16 × (16 − 1) = 240, respectively.
The sequence to prepare any Pauli state is as follows. At room temperature, the thermal equilibrium state of the NMR sample is a highly-mixed state, which is described by ρ thermal = 0.25II + (4ZI + IZ) with the polarization . Starting from this thermal state, we can easily prepare single-coherence terms with single-qubit rotations and gradients fields. Here, gradient field aims to crush the magnetization in the xy plane. For instance, the term ZI can be prepared by applying a π/2 rotation around the y axis on 1 H and a gradient field. The preparation of two-coherence terms needs the coupling evolution between 13 C and 1 H. For instance, the term Y Z can be prepared by the following sequence, Y Z : R 2 y (π/2) → G → R 1 y (π/2) → f (
2J
).
where R i n (θ) is a rotation about the axis n with angle θ acting on the i-th qubit and f (1/2J) represents the free evolution of the system with the duration 1/2J. Clifford-based Randomized Benchmarking. -Compared with traditional QPT, RB can detect the error caused by the quantum gate after excluding the errors from the state preparation and measurement (SPAM). The workflow of RB contains two groups of experiments named by reference RB and interleaved RB sequences. The former is to measure the average error per Clifford gate and the latter aims to measure the error of a target gate.
(1) Reference RB. A random sequence including m quantum gates C s is firstly performed. C is randomly chosen from the Clifford group. Then we deign a recovery gate C r to invert the system back to the input state and measure the survival probability of the input state.
(2) Interleaved RB. It is a similar sequence with the reference RB, where a target gate G is interleaved after each Clifford gate C. A recovery gate C r is designed to invert the whole sequence and the survival probability of the input state is also measured as the fidelity of this sequence. The above sequence is randomly generated and is repeated for a certain number of times in experiments. The measured fidelities are averaged as F . F is a function of the number of Clifford gates m and it can be fitted by an exponential model F (m) = Ap m + B. p is the average decay of the sequence (p = p ref for the reference RB and p = p gate for the interleaved RB). A and B are the fitting coefficients absorbing the SPAM errors. Then we can calculate the fidelity of target gate by F gate = 1 − (1 − p gate /p ref )(d − 1)/d, with d = 2 N for N qubits. We implement the above RB for our single-qubit non-adiabatic HQGs including the X, H , P, and T gates. Random Clifford gates are chosen from a set of I, R x (±π/2), R x (π), R y (±π/2), and R y (π). A traceless Pauli operator Z is chosen as the input state and we measure the the survival probability of Z after the sequence.
